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Abstract: In this manuscript, we introduce the idea of complex-valued Neutrosophic b-metric spaces 
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To support the main result, we establish the existence and uniqueness of solutions for nonlinear 
integral equations after the work. 
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1. Introduction 


Azam et al. [1] pioneered the idea of complex-valued metric spaces in 2011. Rouzkard et al. [2] 
studied and extended the conclusions of [1] by investigating numerous common fixed point theorems 
in this space. Many standard fixed point solutions in such space for mappings satisfying rational 
expressions on a closed ball were examined by Ahmad et al. [3]. Common fixed point theorem in 
complex-valued b-metric established by Rao et al. [4]. Following the development of this concept, 
Mukheimer [5] discovered common fixed point outcomes of a pair of self-mappings meeting a 
rational inequality in complex-valued b-metric space. Zadeh [6] established the basis for fuzzy 
mathematics in 1965. Kramosil and Michalek [7] initially brought up the concept of fuzzy metric-like 
space and then modified it by George and Veeramani [8]. Atanassov [9] stirred things up by adding 
the idea of a non-membership grade of fuzzy set theory. Fuzzy metric space has been widened to 
Intuitionistic fuzzy metric space by Park [10]. Park used continuous triangular norm as well as 
continuous triangular conorm to describe this idea. Smarandache [11] described the concept of 
neutrosophic logic and neutrosophic sets in 1998. 

This study aims to present the concept of Complex Valued Neutrosophic b-metric Space. In 
addition, this research expands on previous fixed-point findings over contractions. To strengthen, we 
finish our work with an application to integral equations and an example illustrating the applicability 
of our main results. 


2. Preliminaries 


This study will require the following definitions and results. 
C denotes the set of complex numbers. 
We set § = {(9,g):0S p< 0,05qg<ofcC. 
A partial ordering X on C is defined by 1, S tT, (equivalently, t, S1t,) ©& Re(t,) S Re(tz) and 
Im(t,) < Im(t,). The closed unit complex interval is defined as § = {(v,g):0 <p <1,0<q4< 1} 
and the open unit complex interval by $5 = {(y,g):0< gy <10<qg< 1}. 
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The set {(y,g):0 < p < 0,0 <q < } denoted by §;. The elements (1, 1), (0,0) € § are indicated 
by and 5, respectively. 
Remark 2.1[12]. Let {t,} be a sequence in §. Then, 


(i) If {t,} is monotonic in § and there exists p,ao € § such that p St, Xo, for every 1 EN, 
then there exists a tT € § such that lim t, =T. 
t-00 
(ii) © CC is that there exists p,o € C with p SC So forall 6 € O, then inf © and sup 0 


both exist. 


Remark 2.2 [12]. Let 1,,t',,.7 € § forevery 1 €N . Then, 


(i) If t, St’, S@ forevery 1 EN and limt, =2, then lim’, =. 
l-00 l— 00 
(il) If t, Sn forevery 1 EN and limt, =t € §, then iS 7. 
l-0o 


(ili) If 7 St, forevery EN and limt, =t € §, then 7 Su. 
l-0o 


Definition 2.3 [12]. Let {t,} be a sequence in §. If for all t € § there exists an tg € N such that 


Tt St, forall 1 >t). Then {t,} is named to be diverged to oo as 1 > ©, and we write lim tT, = 0. 
l-0co 


Definition 2.4 [12]. A binary operation *: § X § > Y is named a complex-valued t-norm, if for all 


T1,T2,T3,T, E & 


(i) Ty *T2 = 12 * TH; 

(ii) T* O=0, T# £=T; 

(iii) Ty * (Tz *T3) = (Ty * Tz) * Ts; 

(iv) T, * T7 ST3* T, whenever T, ST3, Tz S Ty, 


Example 2.5 [12]. 
(i) T *T2 = ($1P2) 9142), for all tT, = (1,91), T2 = 2,42) €B, 
(min{y,, 2}, min{q,, 42}), for all t, = (1,41), T2 = (2,42) € B, 


(ii) T1 *T2 
(iii) T, *T2 = (max{py,+p2 — 1,0}, max{g, + g2 — 1,0}), 


for all tT, = (91,41), T2 = (P2,G2) EB. 
These are examples of complex-valued t-norm. 
Example 2.6 [12]. The following are examples of complex-valued t-conorm: 

(i) T *T, = (max{p1,2},mMax{41, 423), for all t1 = 1,41), T2 = 2 G2) EB, 

(ii) T, *T, = (min{y,+72, 1}, min{g, + g2,1}), for all t, = (91,41), T2 = (P2, G2) € B.- 
Definition 2.7. Let = be a nonvoid set, *, * are complex-valued continuous t-norm and t-conorm, 
% , L and Qare complex fuzzy sets on =? x $s fulfilling the following assertions: 

(1) Pu, v,t) + Lu, v, t) + Qu, v, 7) S 3; 
(2) 8 <P(,»,7); 
(3) B(1,»,7) = for everyTE $; © if u=p; 
) 


(4) Bu, v,t) = BO, u, 2); 
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PB (u,v, tT) * P(v, w, 7’) S Pw, +7); 


Q(u, v,T) = &(v, u, 7); 
(10) &(u, v, T) * L(v, w, t') = Lu, wt +7’); 
(11) £(u,v,.) : §; > ¥F is continuous; 


(12) Q (u,v, t) < @; 


) 
)z 
) 
(13) Q (u,v, t) = 8, forall rE (0,0) Su=d; 
(14) Q (u,v, tT) = Q(v, u, 7); 
(15) © (u,v, t) * Q0v, w, 7’) = Qa, w,t +7’); 

) 


(16) Q (1, v,.) : $; > §F is continuous. 
The Triplet (#8, 2, Q ) is called a Complex Valued Neutrosophic Metric Space (CVNMS). 
Definition 2.8. Let = be a nonvoid set, 9 = 1 be a given real number, *, * are complex-valued 
continuous t-norm and t- conorm , %, 2 and © are complex fuzzy sets on =? x §; fulfilling the 
following assertions. Then (2,8, &,Q,*, *,@) is called a Complex Valued Neutrosophic b-Metric 
Space (CVNbMS). For all u,v, € © and 1,7’ € 5. 

(1) BQ, v, 7) + Lu, v, 7) + Qu, v,T) XS 3; 


(2) 6 < PB(u,v,7); 

(3) Bu,v,t) = for every tT EH; @ u=d; 

(4) BC, v,t) = BO, u, 2); 

(5) Bu, v, tT) * BO, w,7') S Pu, w, O(t +7’); 
(6) Bu, v,.) : $3 > F is continuous; 

(7) LQ,v,t) < e; 

(8) 2(u,v,t) = 6, for all TE (0,0) S u=p; 
(9) &(u,v,7) = Lv, u, 7); 


(10) &(u, v, T) * Lv, w, t') = Lu, w, O(t + 7')); 
(11) £(u,v,.) : 3 > F is continuous; 
(12) Qa, v, t) < £; 

(13) Q(u, v, tT) = 8, forall TE (0,0) S u=pd; 
(14) Q(u, v, tT) = QO, u, 7); 

(15) Qa, v, tT) * Q(v, w, 7’) = Qa, w , A(t + 7')); 
(16) Q(u, v,.) : Hs > F is continuous. 


ae 2.9 Let (Z,p,@) be a b-Metric Space (bMS). Let t, *t2 = (min{y,, 92}, min{g,,g2}), m1 * 
= (max{p,, 72}, max{G1,G2})for all tT, = (1, G1), T2 = (H2,G2) € &. Let us consider the Complex 
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Fuzzy Sets[CFS] $8, & : 2? x §; > & suchthat P(u,v,7) = Sarptum t E(u, ?.7) = es £, Qu, v,t) = 


et where t = (p,q) € $5. Then, (2, 8, & G+, *,0) isa CVNbMS. 


Lemma 2.10 Let (£,%,&, Q*«, *,@) be a CVNbMS and 1,,1, €C. If t, < t2, then ®(u,v,7,) S 
P(u,v, Ot), L(u,v,t,) = L(u, v, At2) and Q(u, v,t,) = Au, v, O72) for all u,v € =. 
Proof. Let t,,T, € $3 be such that tT, < Tp. 
Therefore, tT, — tT, € $3 and so that for all u,v EE, we get P(u, v,t,) = € * P(u,v, 71) = P(u, u, t2 — 
7) * BQY, 0,71) S PCa, v, O72) 
Lu, v, OT) S V(u, u, t, — T) * Lu, v,t,) X 0 * Lu, v, t,) and 
Ou, v, 0t2) S Qiu, t2 — T1) * D0, v, 71) S 0 * Qu, v, 7). 
Definition 2.11 Let (2, 8, &, O,«, *,6) bea CVNbMS and _ {u,} be asequence in =. 
(i) {u,} converges to u € & if forevery y € §;and every tT € $;, there exists tg € N such 


that, for every 1 >t, £— y < P(u,,u,t), L(u,,u,t) < yand Q(u,,u,t) < y. We denote 
this by lim u, =u. 
(ii) {u,} in E is named to be a Cauchy sequence in (2, 8, &, O,*, *,0) if for every TE 95, 
lim fis Oty ty Se, lim SUD m>,& (Um UT) = 6 and lim SUP» 5 SOW, Ny, T) =O 
(iii) (2, 8, & O,«, *,0) is known to be acomplete CVNDbMS if for every Cauchy sequence 


{u,} in (E, B, & O*, «,6), there exists an u € E such that limu, =u. 
l- 00 


Lemma 2.12 Let (£, B, &, O,«, «,8) be a CVNbMS. A sequence {u,} in © converge to 
UuEE Slim Pu, u,t) =f, lim L(u,,,u,7) = 6 and lim Q(u,,, u,,T) = 6 holds for all t € $5. 
t>00 100 100 


3. Main Results 


Theorem 3.1 Let (£,8,£,9,*, «,9) be a CVNbMS such that, for every sequence {t,} in §;with 
lim t, =o, we have lim infics B(u, v,t,) = £, limsupyes V(u,0,7,)=5 and limsup,cs Q(u,v,7,) =5 
l>00 l>00 t>00 


l>00 


for all u€ E. Let £: EE be amapping satisfying 
a ot a ~ ot ~ ~ ot ~ 
$B (tu, to) = Bv,7), & (tu, =) < B(u,v,7) and O (tu,t,~) < Gu, v,7) (3.1.1) 


For all u,v € E and t € $3 where 6 € (0,1). Then f has a unique fixed point in =. 

Proof: 

Let up be arandom element of = and define the sequence {u,} in = by the iterative method u, = 
fu,_, forevery 1 EN. If u, =u,_, forsome c €N, then u, isa fixed point of f. 

So u, # u,_, for every 1 € N. We claim that {u,} is a Cauchy sequence in =. 

Define W, ={BQtyu,t):m >, KN, = {Ly u,7T):m > gy and O, ={ Qi», u,,7):m > 4 for all 1 € 
N and TE §;. 

Since 6 < B(um, UT) Se, 0 < LQtm UT) S & and 6 < Qiup,u,,t) < € for every mE N with m> 


t and from Remark (2.1)(ii), inf YW, = a,, supIt, = 6, and supH, = o@, exists for all 1 EN. 
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Using Lemma (2.10) and (3.1.1), we get 


Bm, Wptis s £B (uns Uy =) s Btu, to, tT) = a BUnev W417) (3.1.2) 
Lup Upt) =k (uu, ) = &(tu, t,t) = Laney Yay) (3.1.3) 
and = Q(up,,u,T) =O (ut. =) 2 OC 107) = Gig 25)4 4,7) (3.1.4) 


for TE H; and mtEN with m>. 


Since GS a,Say4,8¢, €ZB, ZBa, =5 and €Ze0,20,,, 25 for all tEN it follows that 
{a@,},{8,} and {@,} are monotonic sequences in §. 


Utilizing Remark (2.1)(i), there exists £9,’/and ? € § such that 


lim a, = £9, lim B, = f’ and lime, =?. (3.1.5) 
l-0O 


Now, by repeatedly using the contractive condition (3.1.1), we get 


= ze OT = OT\ = O7t 
BOms U4 T) $s 2B (um. uU,, =) = 2B (faa, =] fa 2B Um-1 W-1 Bz 


~ ~ o3t a oitiy 
= B (fuya, fu, 2» S)z B(u Um-—2 Uy W295) Sez B (uo, Um—v Sa): 


OT 


CU (Taras Peery <@(u,.,u,2) = @ (tu, Pe eee ses irs ane =) 


Me 621 = ay 6itiy 
= © (tun 2, U,_2, 3) < © (um—20u u,_ 2 ~ B (up, Unis —) and 
ot ~ 6° 
OGtnsas Usa tT) S om Un Up > @ = tum— q Eu 1g, SQ Um-1 W-1 Gr 
~ 6t ~ 53 ~ ditty 
=Q (fn, Ba, =) S22 (t4m—2/th—2, =) S-SQ (110, thes raz ) 


for TE H; and mtEN with m>1. 


7 4 pi os ott Z a oitty 
Thus, C4 oa infns BOUm+ev WaT) es infnoc¥ (Caer 7) z infres. 8 (uo, 0, =), 


~ ~ 6itiy T 
Bisa = SUPm>L Umi Ur T) s SUPms& (ijiibaeh —) s SUPyenk (119.0, —) and 


ms “ae oit1 as oitiy 
Qina = SUPm>.QUm+r Us. T) S SUPm>Q (uo, Um-v —) S SUPyezQ (140, D, =). 


l+1 


Since lim Ga, ot = «, by using the hypothesis along with (3.1.5), we obtain 


co Oftl, 


siti, siti, 


ott, 


Lz lim infves PB B (uo,v, —)= =¢, 0S lim SUPyexk (uo, », —) =06 and 


LS lim M SUPyesQ (uo, a) =0. 


? gtt+1, 


This indicates that £, = f, ’=6 and #=3.Thus, {u,} isa Cauchy sequence in &. 
Since (=, 8, gD, *,0) isa CVNbMS, by Lemma (2.12), there exists a D € = such that for all t € $3, 
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lim BQ1,.,d,7) =, lim &(,,d,T) =5 and lim Q(1,,,d,7) = 5. (3.1.6) 
l>00 lt 00 t>0 


We will demonstrate that d is the fixed point of f. As a result of (5), (10) and (15) of definition (2.8), 


the contractive condition (3.1.1) we get, 


BO, f,7) = B (duis) +B (men 55) = BD tess) # B (fm fd, 55) 
= 8 ant) 8 (om 


Bb, 7) $B (0, tess 55) * F (tsa f,55) = E (d,s 55) #H (fm, f,55) 


for any T € $3. Taking the limit as 1 > 00, by (3.1.6) and Remark (2.2)(ii), we obtain B(d, f,7) = 2, 
Q(b, fd, 7) = 5 and Qs, fd,t) = b and forall t € $3, which gives d = fb. 

To show that the fixed point } is unique. Let 3 be another fixed point of fi.e., thereisa tT € $; with 
B(d, 3,7) # £, W(d,3,7) #5 and Q(d,3,7) #5 from (3.1.1), we obtain that 


8019-8092 8(a%)=H(mm~) 28 (oa%)-.2 8 (0% 


= infrceB (0,32). 


S supyes& (o.3, ) and 
B(0,3,1) = S(,3,7) < O(0,3,.%) = S (5%) < 803,24)... < (03) 
Ss supe (0,3,° caer =), for all EN. 


Hence, since lim = 00, the above inequality becomes Bd, 3,7) =e, Ld, 3,7) S 6 and Q(d,3,T) S 
t>00 0” 


6 which leads to a contradiction. Thus, we determine that the fixed point of f is unique. 
Example 3.2. Let = = [0,1] and let 8, 2,0 : 2% x §; > & such that 


(u- v)? 
Gt (u- v)? 


Bu,v, 1) = 2, &u,v,1) = £ and &(u,»,1) = ore : 


hae v)? 
where T = (g,q) € $s. Then, we can readily verify that (E, B, &, QD, *,@) is a CVNbMS with 6 = 2. 


We conclude that for any sequence {u,} in §; with limt,=0 , we _ have 
l- 00 
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lim infies By, v, 1)= #, lim supyes Lu, v, T)=6 and limsup,cs Q(u,v,7)=5 for all ue =. Let f: EOE 
1300 1700 LO 


be a mapping defined by fu = ¢ u* where 0<¢< <, By a routine calculation, we see that 


Sty (tu, to, =) = P(u,v,7), & (tu, tv, =) S &(u,v,t) and O (tu, tp, "*) < Q(u,v,1)for every u,v €= and 


T € $3, where 5 = 4¢ and 0 < 6 < 1. All the requirements of Theorem (3.1) are fulfilled and 0 is the 
unique fixed point of f. 


Theorem 3.3. Let (2, 8, %,0,*, «,8@) be a CVNbMS such that, for every sequence {t,} in swith 


lim tT, = 00, we have lim infres B(u,v, T,)= F, lim SUPyex L(u, 0, T,)=5 and jim SUPyex Q(u, v, T,)=8, for 


l>00 


all u€ =. Let £5: 2 > bea mapping satisfying the following requirements: 
(i) bE) S tS), 
(ii) fand bh commute on &, 


(iii) f is continuous on &, 
(iv) Dt) (bu, bv, =) = P(tu, fv,7), L (5u,5 v=) S L(tu, fv,t) and Q (bu, hv, =) S Q(tu, ty, 1) for 


all u,o €E and t € H; where 0 < 6 <1. Then f and b have a unique common fixed 
point in E. 
Proof. Let ug € &. Since h(E) S #(E), we can choose an u, € © such that Huy = fu,. Repeating this 
procedure, we can choose u, € = such that fu, = bu,_y. 
We claim that the sequence {fu,} is a Cauchy sequence. For every 1 EN and t € $3, define 
B, = {Ptu,, f,,7):m > oy, N, = {LCtup, fu, t):m > and O, = {Q(up,u,,t):m > 4 
forevery 1.€N and TE $5. 
Since 5 < B(fup, fut) S£, 5< Ly, ut) Sf and 6 < Q(iup,u,,7) < &, for every mEN with 
m >. and from Remark (2.1)(ii), inf $B, = @,, sup IN, = B, and supftO, = @, exists for every 1 EN. 
Using Lemma(2.10) and (iv), we get 


~ a} rey ~ ~ 

PC, 4,7) SB (Hy, S) SPOUn, bu, 7) = BOs By), 

Rtu,,, tu,,t) = F(t, tu, =~) = Hu, hv, 2) = U(tuys 1, f,4,,7) and 
0 


O(tu,, fu,,7) = OQ (fy, tu, 2) = Q(bu, bv, tT) = Qfya a Mya 7), 


for TE H; and mtEN with m>l. 
Since 65 a@,8 04,5 0028, Z Ba, =5 and €20, 204, = 5, for all «EN it follows that {a,}, 
{6,} and {@,} are monotonic sequences in§. 


So, utilizing Remark (2.1) (i), there exists an f,f’and ? € § satisfying 


lim a, =o, lim B, =?’ and lime, =? (3.3.1) 
l>00 t>00 loo 
By applying the condition (iv), we have 
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BEng a tT) = BG, by) EF (fhm, fy a =)e$ (sn-1- bua) 


= O2t Zs 67t 
=P Ba BM oy = 3% DUm—2 D2 


Oita Tus. T) = Lun, bu, 2D g (t,t 
53 67t 
Ss gL fum-—1 th» Sr 


ae 63 
$8 (fo, tua, S) < 


63 


Ota tus. T) = Qum, bu, T) 


x 67t 
s Q fin— th Sr — 


S 63t 
SQ fum_—2, U2, => 63 


for TE H; and m,tEN with m >. Thus, 


gttiy 
O41 = infn> BCElmer Mist, t)e z infin B (tuo, tum— OF sitd —s)e infoes.B B (tuo, v, 
nes git ee 
Bisa = SUPm> LX (Umar a1 T) S SUDms.& (fo, fn v =) S SUPyez¥ (tuo, 


Qin = SUP m> QE fy417) S SUPm>,Q (tit =) S SUP,e2Q (i, 


getty 
fo lim infpes B B (tp, v, beta, —)= =¢, t's lim N SUPyeze (fu, 


' Slim supyecs& (tuo, D 
t-00 


gt 
, 6+, 


> ica pore 
=P Tum—2) fuy2, = ACTH 


<§ (tum, fu,,— =) 


+17 . a . — 
) =6 and ?# S limsup,esQ (uo, 
l-0o 


is gttt 
xs (uo, Um-v Gat, , 


OT ee OT 
U,, 6 =) Sk (bun Hu. + | 


~ 0*t 
= 2 { Hum—2, bu,-2, ae: 


gitiy 


<Q (uetncs ) and 


gel 


ma Ot 
8 (51, bua) 


as 67t 
Q | Hum-z2, bu,-2, 52 


gitir 
-39 (1 Um-v jal 


ett, 
) ptt. —). 


=) and 


gt 
? glt1 


gti, 
d, 6'ti ‘ 


t+17 


= 00, by using the hypothesis along with (3.3.1), we obtain 


gti, i 
D, —) =), 


gitty % 
D, a) =0 


Which implies that £9 = £ and ¢’ = 36. Thus, {fu,} is a Cauchy sequence in &. 


Using Lemma (2.12) and completeness of £, there exists a } € E such that lim fu, = dD. 


Using (iv), we can check that the continuity of f implies continuity of ). So, lim fu, = bp. 


l>00 


l>00 


Since f and ) commute on ©, we have lim fhu, = bp. 


l>00 


Moreover, we know that lim bu,_; = so we get lim thu,_, = fb. 


l>00 


l>00 


Based on the uniqueness of limit, we get fo = hd and therefore hd = fbb. 
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Repeated use of the condition (iv) yields 


Phd, hhd, tr) = PB (1,190, 5") -% Go pbb, =) = eB (00.00, as 
= B (0, th, <) = infcsB (0,0, 4) 
(Hd, hod, t) < & (1,100, =) =@ (00, bbD, **) ee (0, a a) 
= 8 (50, th, <) < supsexS (pd, v, <4) and 
Oho, hod, t) < &(, th, -) = & (s0,090,—*) 228 (0, ae = 


= © (pd, thd, ) < supyesH (H0, v, 2). 


Letting the limit as 1 > oo, and applying the hypothesis we get, 

B (hd, hd, t) = 2, L(hd, hd, tT) = 6 and Q(hd, hhd, 7) = 6 which implies that hbhd =fhd = bp. 
i.e., hd is a common fixed point of fand b. 

We shall establish the uniqueness of the common fixed point bb. 

Assume that )d and 3 are two distinct common fixed points of f and b. 


Utilizing (iv) with u = 5d and v = 3, we find that, 


£ = B(Hd, 3,7)-BCoHd, hd, 2) = H (to, t=) = B (50,35) ... = B(d,3,.2) = infrceB (0,0, 2). 


BS BHD, 3,2)-B(HHD, Hd, 7) SF (thd, t3, 2) = B(d,3, 2) ... < E(Hd,3,) < supres (hd,v,“4) and 


Since lim a = 00, we conclude that Bhd, 3,7) = £, (hd, 3,7) =H and Q(hd,3,7) = 6 
l-0co 


Thus, bd = 3, this concludes the proof. 
(u- v)? 


Example 3.4 Let = = [0,1] and let $8, &,Q : 2? x §; > § such that P(u,v,7) =e 74 F, 


(u- v)? (u- v)? 


Q(u,v,t) =(1-e #4 )€ and Q(u,v,t)=(e 74 —1)£ where t= (p,q) € $;. Then, we can 
readily verify that (2, B, & OD, *,0) isa CVNbMS with @ = 4. On the other hand, let limt, =o for 
any sequence {t,} in $3, where t, = (y,,g,). Since (u— v)? <1 forevery u,v € it follows that 


a (G22) (SUPven (ur 0)”, ( 1 ) 
infves BU, 0,T,)=infpes @ Mtn’ L =e eta “£ Ze vitae, 


oe t t t 
SUPyezX(U, D, T,) = SUPyEz Ie eRe at Ce supa v)2 st-— and 
e Pita e #ith ePith 


ne (u— v)2 (u— v)2 1 
SUP ses Q(U, V,T,) = SUPgzes 10 PUL — £ f= SUpyges je PUL — LES evra, 
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1 
Therefore, we have lim infjcs B(u,v,T,) = lime Grae e =f, 
l—00 l—00 


7—)=6 and 


ePita 


lim supyes &(u, v,T,) S lim(¢ — 
l>00 t>00 


lim SUPoez Qu, v, T,) S lim(emae)= b. Let £5: E> bedefined by fu=u and,bu = ; ; 


l>00 


One can readily verify that h(E) S {(&) and f is continuous on ©.Furthermore, f and ) commute 


on &. Moreover, It is simple to demonstrate that condition (iv) true for every u,v € [0,1] with 6 = = 


Definition.3.5 Let (2, 8, 2, O,*, «,@) be a complete CVNbMS. The modified contraction condition for 
the mapping f: EE as follows: 

£ — (tu, fv, t) S 6[€ — Pu, v,7)], L(tu, tv, 7) S 6L(u, 0,7) and Q(tu, fv, t) S SQ(u, v, 7) (1) 
For all u,v €Z and t € $s where 6 € [0,1). 

Theorem 3.6 Let (2,8,%,0,*, *,9) be a CVNbMS, and f: 2>£ be a mapping fulfilling the 
contraction condition (I). Then, £ has a unique common fixed point in &. 

Proof: Let uo be a random element of =. Using induction, we can generate a sequence {u,} in © 
such that u, = fu,_, for every  € N. Continuing from the proof of Theorem (3.1) in [12], we examine 
that the sequence {u,} is a Cauchy sequence in © and converges to some 0 € &. 

We will demonstrate that 0 is a fixed point of f. By the contractive condition (I), we have 

£ — (tu, tv, t) S 6[€ — Pu, v,z)], LCtu, fv, 7) S 6L(u, v, t) and Q(Eu, fv, rT) S SQ(u, v, 7) 

for all 1€ N and t € $3. The above inequality demonstrates that 

£(1 —65) + 5B(u,,d, 7) S P(tu,, fd, r), L(t, fv, 7) S 6L(u,v, and Q(tu, tv, rt) S SQ(u, v, 7). (3.6.1) 
for all .€ N and Tt € §;. 


Therefore, 


BO, 0,7) = Bd U.S) «B (usr) = B(d,us1,5) + B (tu, 5). 
G0, 0,7) SF (dua. 5) «EF (uar 5) =2(d,u4.,5) «8 (ty, m5) and 


Q0, 1,7) $ O(bus,5)* (uur 5) =O (d,us1,5) + O(t, m5) for any 7 € §5. 


Taking the limit as 1 0, from (3.6.1) and Remark (2.2) (ii), we determine that (0, {,7) = @, 
Q(d, f,7) = 5 and Q(v, f0,t) = 6 for all t € $3, which yields f) = bd. 

To prove that the fixed point of f is unique, assume that there exists another 3 € = such that f(3) = 
3. Then, there isa t € $3 fulfilling Bd, 3,7) # €, L(o,3,7) #5 and Q(d,3,7) #5. 

As a result of (I), we have 

£ —(d,3,T) = £ — P(td, 3,7) S S[? — BW, 3,7)], Ltd, 3, 7) S SL(d,3,7) and Q(f, ft) X 6Q(d,3,7). 

Since (d,3,T) # £, &(d,3,T) #5 and Q(d,3,T) # 6, we obtain 

Re(P(d, 3, T)) #1 or Im(P(o, 3, 7)) # 1, Re(L(d, 3, t)) # 0 or Im(R(d,3,7)) # 0 and Re(Q(d,3,t)) # 0 or 


Im(Q(d, 3, T)) # 0. Let Re(P(d, 3, 7)) # 1, Re(&(0, 3, T)) # 0 and Re (S03, 1) #0. 
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Therefore, we get 
1 — Re (BO, 3,2)) < 5[1 -— ReBO,3,2))] X 1 — Re (BO,3,7)), 


Re(& (td, 3,7) S SRe(L(u, v,t)) S Re(L(u, v, t)) = Re(R(td, B,7)) and 

Re(Q(f, 83,7) S dRe(Q(u, v, t)) S Re(Q(u, v, t)) = Re(Q(#, B,7)) which is a contradiction. 
We can omit the details of the other since the other case is identical to this one. 

Thus, 8(d,3,7) = ¢, &(d,3,7)=0 and Q(v,3,7)=5 for all t € $; and the proof is completed. 
Example: 3.7 Let = = [0,1] and let $,&,Q : 2? x §; > § such that 

( 


(u- v)? 


1+yqg-(u- v)2 


¢ 


ey eee _»)2 = 
eee) £,X(u,v,t) =— »¢ and L(u, v0, T) = 
1+94 +24 


1 


Pu, v,7) =e — € where t= (g,g) € 95 . 


2 
Define the mapping f:E>£ by fu= e Therefore, we have 


(fu— fp)? x (u- v)? 
1+pqg-(tu-tv)2 © ~ ~ 14yq-(u—v)? 


£ where d€ c. 1). Thus, we determine that 


= 2 ey 
iS peo g OEE 8 aid 
1+9q4 1+9q4 


(I) holds, all the necessary hypotheses of Theorem (3.6) are fulfilled and thus we establish the 
existence and uniqueness of the fixed point of f and 0 is the unique fixed point of f. 

Corollary 3.8 Let (E, 8, £&,0,*, «,0) bea CVNbMS and t: E> = bea mapping satisfying 

£ —P(t'u, fv, 7) < 6[€ — Bu, v,7)], (Fu, fv, t) < 6L(u,v,t) and Q(Fu, fv,t) < 6Q(u,v,7) for every 
u,o€ = and t € H;, where 0 < 6 < 1.Then, f has a unique common fixed point in £. 

Proof: By Theorem (3.6), we get a unique u € = such that fu = u. Since ffu = ff'u = fu and from 


uniqueness, we get fu = u. This demonstrates that f has a unique fixed point in =. 


4. Application 


Applying our main results from the previous part, we analyze the existence theorem for a 
solution to the following integral equation in this section: 


u(8)= KG) + 6 1G, 8)y (6,u(8)) 46,5 € [0,1], (2) 
where 
(i) k is a continuous real-valued function on[0,1]; Ww: [0,1] x R > R is continuous, 


W(S,u) = 0 and there exists a 6 € [0,1) such that |W(,u) — WG,v)| < 6|u — vl, for 
every u,v € R; 

(ii) 1: [0,1] x [0,1] ] > R is a continuous at § € [0,1] for every 6 € [0,1] and measurable 
at O€ [0,1] forevery § € [0,1]. Moreover, 1, 6) >0 and f, 1G, 6)d0 <L; 


(iii) £20? <5, 


Theorem 4.1. If the condition (i)-(iv) fulfilled. Then, the integral Eq. (2) has unique solution in 
(C[0,1], IR), where (C[0,1], IR) is the set of all continuous real valued functions on [0,1]. 
Proof: Let = =(C[0,1], R) and define a mapping t: = > = by 


fu(S)= K(S) + of) 3G, 6)y (6,u(6)) d6,3 € [0,1], forall u€= and for every $ € [0,1]. 


We need to prove that the mapping f fulfils all requirements of Theorem (3.6). 
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Sag feel As, 2) nfZ))\2 
Define $,£2,0:2?x $; > § by PQ,v,1) =e - SUPz€e[0,1] oes: 


eG 


p (@= v@))? 
‘ 1-SUP{e[0,1] eA 


(u@)- v6)? 
vet 3)— v(3))? ~ sup; 
(u,v, T) = SUP se[01] € and &(u,v,T) = ( sloay Pa ) £ 


where t = (p,q) € $5. Clearly, (2, B, &, O,*, *,8) be a complete CVNbMS. 


Moreover, for every u,v € E and § € [0,1], we get 


|fu(S) — f(5)| = 0 [2 8) (6,u(6)) — 13, 6) (6,0(6)) ci 


< of 365) (6x®)-¥(6o®)]a0<o [ 6.Bslu® - oOled 


< of dsupseio1)/U() — 0)! 
Since, supgefo,1)|fu(S) — fo(S)| S oL Ssupsejo1)|U(S) — v(S)| 


|tu)—f) |? 


ePG 


lf tv(3)|? | |? | |? 
SUPs¢[o, jee < 92£282 SUPzeFo, ASS es 1 SUPs¢[o, oe oe 
[fu@)— t@)|2 J = 9 lu@)— v2 lu@)— v@)|2" 


Z 2 2 
1-SUPi¢(0,1] PF 1-suPt¢(0,1] eS 1-SUPie[0,1] ~eP4 


ju)—v() |? |u)—v@)|? 
a ss SUPse[0,1] cpa and 


We get, supsejo,1] < 0° L*S*supseto,1 


This establishes that the mapping f fulfilling the contractive condition (1) in Theorem (3.6), and f 
has a unique solution in (C [0,1], R), i.e., the integral Eq. (2) has a unique solution in (C [0,1], R). 
Example 4.2 Take the integral equation 


ee 
3242° 


u@)=—s+2 (ee dé, € [0,1], (4.2.1) 


= 2 
It can observed that the above equation is of the form (II), for o = 2, K@) = 7 8, 9) = i 


|coss| 


Gu) =o 


Clearly,  W is continuous on [0,1] x R and we get 


\¥(6,u) — H(6,v)| = =|Icosu| - |cosp|| < =lcosu —cospv| < =|cosu —cosv| < =|u — vf 


for every u,v € R. Thus, w fulfills the condition (ii) of the integral goa (II) with == . It is easy 


5 

to verify that the mapping « is continuous and Sy 1(5,6)d6 = ie = dé = as ScEh the 
ii), and (iv) 
S 


a unique 


mapping § meets the condition (iii). We get o*L75* < -. Thus, the hypotheses (i), (ii), 


(iii 
are true. Using the Theorem (3. 6) leads us to the conclusion that the integral equation (II) ha 
solution in (C [0, 1], R). 


5. Conclusion 


In this paper, we have defined complex valued neutrosophic metric like space and we have 
proved fixed point theorems for mappings on complex valued neutrosophic metric like space. We 
hope that the results proved in this paper will form new connections for those who are working in 
complex valued neutrosophic metric-like spaces. 
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